We introduce a general theoretical framework to study the shape dynamics of actively growing and remodeling surfaces. Using this framework we develop a physical model for growing bacterial cell walls and study the interplay of cell shape with the dynamics of growth and constriction. The model allows us to derive constraints on cell wall mechanical energy based on the observed dynamics of cell shape. We predict that exponential growth in cell size requires a constant amount of cell wall energy to be dissipated per unit volume. We use the model to understand and contrast growth in bacteria with different shapes such as spherical, ellipsoidal, cylindrical and toroidal morphologies. Coupling growth to cell wall constriction, we predict a discontinuous shape transformation, from partial constriction to cell division, as a function of the chemical potential driving cell wall synthesis. Our model for cell wall energy and shape dynamics relates growth kinetics with cell geometry, and provides a unified framework to describe the interplay between shape, growth and division in bacterial cells.
INTRODUCTION
Understanding the growth of structures in living systems presents new challenges for soft matter theory owing to the interplay of irreversible dynamics and mechanochemical forces. In turn, elucidating how intrinsic molecular factors and extrinsic environmental factors combine quantitatively to determine morphologies is important for understanding many biological processes, including wound healing, tissue morphogenesis, tumor metastasis, and plant cell wall formation. The purpose of this paper is to report a theoretical framework for modeling the dynamics of actively growing and remodeling shapes. In particular, we investigate the growth of bacterial cell walls, which epitomize growing active matter. Active growth arises from cell wall enzymes that catalyze the assembly reactions driving the synthesis of cell wall material.
Bacteria exhibit a remarkable diversity in cell shapes and sizes [1] . The shapes of most bacteria are defined by the peptidoglycan cell wall, in association with cytoskeletal proteins and internal turgor pressure. Cell walls are thicker and stiffer than most polymeric membranes and are capable of maintaining cell shapes while sustaining large amounts of turgor pressure. The significant variety of shapes ranging from spherical cocci to rod-shaped E. coli to crescent-shaped C. crescentus implies that the maintenance of each specific shape requires a distinct physical mechanism [2, 3] .
Cell shape has a direct relation to the observed quantitative laws governing cell size growth. For instance, exponential longitudinal growth is observed in rod-like bacterial cells, such as E. coli [4] , and B. subtilis [5] , or crescent-shaped C. crescentus [6] , and even in eukaryotic cells such as the ellipsoidal shaped budding yeast [7] . In addition, recent experiments on S. aureus, a model system for round bacteria, reveal that the cell volume grows exponentially throughout the cell cycle with increasing aspect ratio [8] . Thus, an anisotropic cell geometry can be linked to their exponential growth via lateral peptidoglycan insertion.
Starting with Koch's hypothesis that surface stresses determine bacterial cell shape [9] , a number of theoretical models have been proposed in recent years to account for the shape and growth of bacterial cell walls. These include growth by plastic deformations as surface stresses exceed a critical value [10] , elastic growth of peptidoglycan networks driven by assembly reactions [11] , and dislocation driven growth of partially ordered peptidoglycan structures [12] . These models however do not make clear the relationship between cell shape, kinetics of growth and constriction, and the mechanochemical energies driving growth. For instance, how does exponential longitudinal growth arise from isotropic pressure in rod-like cells? How does cell shape influence growth and division kinetics?
Motivated by our recent experimental work that provides detailed growth and contour data of single C. crescentus cells across a large number of generations [6, 13] , we introduce a general theoretical model for the shape dynamics of growing cell walls based on a principle of minimal energy dissipation. For a bacterial cell wall, the dissipative forces arise from the insertion of peptidoglycan strands, whereas the driving forces arise from changes in the mechanochemical energy, E, associated with maintaining the shape of the cell wall. The dependence of E on cell geometry directly determines which shape parameters grow and which are size limited. We discuss how the condition of growth, more specifically exponential growth, imposes constraints on the form of the energy function. We show that our model for cell shape dynamics encompasses previous phenomenological models of cell wall growth for specific geometries such as cylinders or spheres [14, 15] . We use the model to study the interplay of cell shape, growth and division control in bacteria. With new shape analysis of our experimental data, we demonstrate how cell shape features such as width and curvature can influence the rate of cell size growth. In addition to elucidating the relationship between cell shape and growth dynamics, our model is capable of describing cell wall constriction. We predict that a threshold chemical potential for septal synthesis is required for completing cell division such that on reaching the threshold, cell shape discontinuously switches from partial to full constriction. We compare the predictions of our model with available experimental data on cell shape and growth of single bacterial cells.
THEORETICAL FRAMEWORK Equations of Shape Dynamics
We parametrize the geometry of the cell wall by N shape degrees of freedom specified by the generalized coordinates q i (i = 1, . . . , N ) and the generalized velocitieṡ q i . For example, a sphere is parametrized by its radius, whereas a cylinder has two degrees of freedom, its radius and length (Fig. 1A-C) . For a general surface described by a mesh of triangles, the generalized coordinates are given by the individual vertex positions. The mechanical energy of the cell wall is a function of the generalized coordinates, E m ({q i }). The generalized forces driving changes in cell wall geometry are given by the derivatives of the energy function, F m i = −∂E m /∂q i , ∀i. The equilibrium shape of the cell wall is simply given by minimizing the mechanical energy, ∂E m /∂q i = 0, ∀i. In the absence of external forces and strong thermal noise, the mechanical forces F m counterbalance the active forces (F a ) and the dissipative forces (F d ) associated with irreversible cell wall growth,
The active forces are of non-equilibrium origin and they arise from distributed molecular components in the cell that convert chemical energy into mechanical work. For example, in the case of a growing bacterial cell wall, the active forces arise from cell wall enzymes that catalyze the assembly reactions driving peptidoglycan synthesis. We define the energy due to active processes as E a = i dq i F a i . The dissipative forces are not symmetric under timereversal and they are derived from minimizing the rate of energy dissipation, D, using F d i = −∂D/∂q i . The dissipation function, D, represents the amount of work done to the medium when the shape deforms at a rateq i . The force-balance relation follows from minimizing the total rate of energy change in the system and the medium, i.e., ∂(Ė m +Ė a + D)/∂q i = 0, which is a statement of Rayleigh's principle of least energy dissipation [16] . This variational principle can be shown to hold for general ir- reversible processes and is equivalent to maximizing the rate of the entropy production in the system [17] .
The rate of dissipated energy is given by D =
, where V i is the volume over which dissipation of q i occurs, σ i is the dissipative stress, andq i /q i is the strain rate. Assuming the deformation is small compared to current cell size, the dissipative stress is given by σ i = η i (q i /q i ), where η i is the associated viscosity constant. The resultant equations of motion are
such that the rate of growth is proportional to the total energy dissipated per unit volume (F i q i /V i ), as illustrated in Fig. 1D . In the limit of a rod-like cell, when the dissipated volume scales linearly with cell length, V i ∝ q i (Fig. 1D, inset) , our model reduces to the phenomenological growth model proposed by Jiang and Sun [15] . Eqn (1) can be written in a simple and instructive form by choosing logarithmic strain, Φ i (t) ≡ log [q i (t)/q i (0)], as our new dynamic variable,
where we defined E = E m + E a , as the total internal energy of the system. Eqn (2) represents the familiar constitutive law of Newtonian flow such that the internal stress (right hand side), is proportional to the rate of strain. Eqn (2) also illustrates that the laws of shape dynamics are isomorphic to the overdamped motion of a particle with coordinate Φ i (t) in a potential E.
Energy requirements for exponential growth
We now discuss how the specific form of the growth law puts constraints on the scaling of the energy function with the shape parameters. A necessary condition for growth in the shape parameter q i is ∂E/∂q i < 0. Growth is arrested when ∂E/∂q i = 0. It follows from eqn (1) that q i (t) grows exponentially if E scales as the dissipated volume V i , such that a constant stress E/V i drives material growth. For a growing bacterial cell wall, we assume that dissipation is dominated by peptidoglycan insertion over the thin shell defining the cell wall, such that V i = hA i , where A i is the surface area over which dissipation occurs and h is the thickness of the cell wall assumed to be constant and uniform. A minimal model for exponential growth thus requires E ∝ −A i .
For a thin spherical shell of radius r the dissipative volume scales as V ∝ r 2 . It then follows from the dynamics of cell radius,ṙ ∝ −∂E/∂r, that for cells to grow exponentially i.e.,ṙ ∝ r, the energy would need to scale as E ∝ −r 2 . Using eqn (1), we can thus conclude that a minimal energy model for exponential growth of isotropic cells is given by E = −εA, where A is the surface area and ε is a positive constant representing the chemical potential for adding unit surface area.
As an example of growth dynamics in anisotropic cells, we consider a thin cylindrical shell of length L and radius r. From eqn (1) it follows that the radius and the length grow exponentially with rates,L/L ∝ −r
The shape-dependence of growth rates implies that a minimal energy model E = −εA, with ε > 0, can describe exponential growth in both cell radius and length. However most rod-like bacteria elongate in length while maintaining a fixed radius, suggesting a more complex shape dependence of the growth energy.
Mechanical Energy model
The mechanical energy of a growing cell wall is given by the sum of contributions from an internal turgor pressure, Π, acting to expand the cell volume, V , surface tension, γ, resisting increase in the cell surface area, A, and the mechanical energy of interaction with cytoskeletal bundles, E cyto , which controls cell shape. That is,
The surface tension is determined by the stored elastic energy per unit area of the cell wall, possibly offset by favorable peptidoglycan interactions at the surface [11] .
Contributions to E cyto arise from MreB bundles that control cell width [18, 19] , FtsZ filaments that drive cell wall constriction [20] , and crescentin bundles that control curvature in C. crescentus cells [21] .
In the following Results section, we use eqn (1) to study shape dynamics in spherical, ellipsoidal, rod-like, and curved bacteria, by considering specific forms for the energy function E m . We compare our predictions and results against available experimental observations and data.
RESULTS

Growth in round cells
We first consider the simplest case of a spherical cell as a model for round bacteria like S. pneumoniae or S. aureus, where cytoskeletal bundles such as MreB are known to be absent (E cyto = 0). We model the active growth energy as E a = −Π a V , where Π a is the energy released per unit volume of cell wall synthesis. Neglecting cell division, the internal energy is simply given by, E round = −P V + γA, where P = Π + Π a is the effective growth pressure. The dynamics of the cell radius, r, follow from eqn (1):
where µ r = 1/4πhη r is the mobility coefficient. We consider two distinct models for cell wall mechanics. If the cell wall deforms like a plastic material, γ is a constant [10] such that there exists a critical radius r c = 2γ/P (given by Laplace's law [22] ), at which the cell size is stationary. By minimizing the energy one finds that the cell grows for r > r c and shrinks for r < r c . Thus, a newborn cell must at least attain a critical size r c for growth and survival. If, however, the surface tension originates from the elastic strain energy stored in the pressurized spherical shell, we get γ = γ 0 (r/r c ) 2 /2, where γ 0 = Y h/2(1−ν), Y is the Young's modulus and ν is the Poisson ratio of the cell wall [23] . In this case, the cell radius attains the steady-state value, r c = 2γ 0 /P , which corresponds to an absolute minimum in the internal energy. The latter case is relevant for spherical bacteria that maintain a stable cell size before the onset of cell division [24] . Thus, a plastic cell wall can support indefinite growth if nutrient availability is optimal and division is inhibited, whereas an elastic cell wall cannot support growth beyond a threshold size r c .
However, in reality bacteria such as S. aureus are not perfectly spherical but have an ellipsoidal shape. Recent experiments show that S. aureus cells grow in volume throughout their cell cycle while their aspect ratio initially decreases followed by a period of increase [8] . For a more realistic description of S. aureus geometry and to facilitate closer comparisons with experiments we model the shape of a S. aureus bacterium as a spheroid, with semi-axes a and b (b > a) defining the shape parameters ( Fig. 2B, inset) . Their dynamics are given by
where A and E round are the surface area and the energy of the spheroidal bacterium with µ a and µ b defining the growth mobility along the semi-axes a and b respectively. We model the active energy as E a = −Π a V +2πaf , where f is the tension due to the division septum at the midcell (Fig. 2B, inset ). Net energy is thus given by E round = −P V + γA + 2πaf . Prior to the formation of the division septum, f = 0, and the cell exhibits oblate growth such that it increases in volume but decreases in aspect ratio. As shown in Fig. 2A , an initial spheroidal cell with b > a will assume a spherical shape with b = a. In contrast, for non-zero f , the cell exhibits prolate growth such that volumetric growth is accompanied by increasing aspect ratio (Fig. 2B ), in agreement with recent experiments on S. aureus [8] .
Growth and shape control in rod-like cells
Rod-like cells such as E. coli assume the shape of a sphero-cylinder parametrized by the radius (r) and the length (L) (Fig. 3A, inset ). E. coli cells grow by lateral insertion of peptidoglycan material [25] . We neglect the hemispherical poles that are mechanically rigid and inert [26] . The internal energy for the cylindrical cell is given by
where E cyto = E width is the mechanical energy for maintaining the cell width.
where R 0 is the preferred radius of cross section of the cell wall and k is the circumferential bending rigidity. Contributions to k can come from the elasticity of glycan strands in the peptidoglycan cell wall as well as from membrane bound cytoskeletal proteins such as MreB, MreC and RodZ that are known to be responsible for maintaining rod-like cell shape [14, 27, 28] .
In this section, we neglect constriction to establish the basic growth dynamics. Such a situation can be realized experimentally by suppressing division, which gives rise to filamentous cells [29] . The internal energy assumes the scaling form E rod (r, L) = U (r)L, where the energy density, U , is solely a function of the cell radius. According to eqn (1), the length and the radius evolve as
where µ L = 1/2πhη L and µ r = 1/2πhη r are the longitudinal and radial mobility coefficients, respectively, and η L and η r are the associated viscosities. From eqn (7a) the cell length grows exponentially if U has a minimum at r = r s such that U (r s ) < 0 and is a constant. Fig. 3A shows the dynamics of length and radius in the regime of parameters that allow exponential elongation at constant radius.
Assuming that the cell maintains a constant effective growth pressure, we can rescale the energy density by U 0 = πP R 2 0 . The shape dynamics are then controlled by two dimensionless parameters,γ = γ/P R 0 andk = k/P R 3 0 . In the limitk 1, the cell radius approaches R 0 , and the cell assumes a stationary shape defined by the valueγ = 1. As such, the numerical values forγ andκ are cell type dependent ( Fig. 3B we show the dependence of the cell width (2r) on the rate of exponential growth, κ = −µ L U (r)/r, for parameter values corresponding to E. coli and B. subtilis. The parameters are determined by fitting our model prediction to the available data on E. coli [30] and B. subtilis [31] . In agreement with experimental data [30, 31, 34, 35] , our model quantitatively captures the positive correlation between κ and r for both cell types. The predicted cell width for E. coli is more sensitive to changes in growth rate, presumably due to the fact that the cell wall is softer and thinner in E. coli because it is gram negative.
The steady-state behavior at different values ofγ and k is shown in Fig. 3C . The corresponding plots of the energy densities are shown in the insets to Fig. 3C . While radial growth occurs for smaller values ofk, exponential elongation with constant radius occurs forγ 0.5 andk 4. Using the typical range of estimates for the internal pressure in gram-negative bacteria P 0.1-0.5 MPa [26, 32] and the preferred radius of cross-section R 0 0.1-0.5 µm [14] , we predict the upper bound on surface tension to be γ max 50 nN/µm and a lower bound on the circumferential rigidity to be k min 0.4 nNµm. These values are in agreement with estimates based on mechanical measurements [13, 32, 36] and suggest that rod-like bacteria operate close to the triple point in Fig. 3C .
Response to shape perturbations
Having discussed growth and shape dynamics under steady environmental conditions, we now consider how rod-like cells modulate their growth dynamics in response to morphological perturbations. It has been experimentally observed that upon addition of A22, which causes disassembly of MreB, wave-like bulges form on the cell wall [14] . Thus, the loss of MreB, which corresponds to lower values ofk, can induce morphological instabilities in the cell wall. Motivated by this observation, we now investigate the robustness of the rod-like geometry to external perturbations as a function ofk. We examine the stability of a cylindrical shape under a small periodic perturbation of the steady-state cell radius r s along the axial direction z: r(z, t) = r s (t) + δr(t) cos (2πz/λ), where δr r s is the amplitude and λ is the wavelength of the perturbation (Fig. 4A) . To leading order in δr, the internal energy of the cell integrated over one cycle of the perturbation is given by E rod /λ = U + α(λ)δr 2 + O(δr 4 ), where the decay rate of the perturbation, α(λ), is an increasing function of the wavenumber 2π/λ for all values ofk (Fig. 4B) . The stability of the cylindrical shape is determined by the sign of α. For α < 0 the cylindrical shape is unstable to perturbations of wavelength greater than λ, such that wave-like bulges nucleate on the cell-wall with growing amplitude. Fork = 0 the cylindrical shape is unstable for λ > λ min = 2π γr s /P . However, ask increases beyond a critical value, the cylindrical shape is stable to perturbations of any wavelength.
Another experiment that allows examining predictions of our model involves studying bacterial growth and movement in sub-micron microfluidic channels that geometrically confine growth [37, 39] (Fig. 4C) . Rod-like bacteria such as E. coli or B. subtilis are able to grow in very narrow microfluidic channels of width comparable to or even smaller than their unperturbed diameters. Furthermore, bacterial cell walls can deform (the ceiling of) the microchannels, which are made of elastic material such as PDMS. To verify if our growth model can capture the experimental results [37] , we include the elastic interaction between the channel and the cell wall as E int (r c < r s ) = 1 2 k ch dl(r − r c ) 2 , where k ch is the channel stiffness, r is the radius of the bacterial cell wall, r c is the radius of the cylindrical channel and r s is the steady state radius of a freely growing bacterium. If the channel is wider than r s then there is no interaction between the channel and the cell wall, E int (r c > r s ) = 0. The total energy is then given by E rod + E int . By solving the coupled equations for cell length and radius (eqn (1)) we derive the growth rate dependence on channel width. For (Table 1) . Solid blue curve is the model prediction. The data (red) are taken from Ref. [37] .
channels wider than unperturbed cell radius, r c > r s , the cells grow at a constant rate κ = κ s . For r c < r s , the dependence of κ on r c is controlled by the dimensionless parameter k ch R 0 /γ, describing the stiffness of the channel relative to the cell wall (Fig. 4D) . For channels softer than the cell wall, we find that the growth rate is insensitive to channel radius. However if the channel is stiffer than the cell wall, we predict that the growth rate increases monotonically with r c , and no growth occurs below a critical channel radius. We quantitatively compare our model predictions with the experimental data on doubling times of E. coli cells vs channel radius [37] . As shown in Fig. 4E , our model is in good quantitative agreement with the data and predicts that the longitudinal growth rate is insensitive to changes in channel width beyond 0.5 µm.
Curved cells
As an example of a curved cell, we explore the shape dynamics of a C. crescentus bacterium. Note that the results are not specific to crescent-shaped bacteria, and apply equally well to helical bacteria, for example. We model the geometry of a C. crescentus cell by a toroidal segment parametrized by the radius of cross section r, centerline radius of curvature R, and the spanning angle θ (Fig. 5A, inset) . Experiments have shown that the curvature of C. crescentus cells is maintained by intermediate filament-like bundles of crescentin proteins that adhere to the concave face of the cell wall [40] . Although the molecular mechanism by which crescentin maintains cell curvature is not precisely known, proposed models include modulation of elongation rates across the cell wall [40] , which can originate from bundling with a preferred curvature [15] . We thus model the curvature energy in the Schematic of a C. crescentus cell contour and the shape parameters [13] . Dependence of angular growth rate (κR) on the curvature of the cell 1/R. We determine the cell curvature and the spanning angle for each generation from the splined contour of the cell boundary. We then obtain the angular growth rate, κ, by fitting an exponential to the data for θ(t). Gray points indicate single-generation data. Experimental binned data [13] crescentin bundle as
where c = (R−r)θ is the contour length of the crescentin bundle, C is the longitudinal cell wall curvature, k c is the bending rigidity, and R c is the intrinsic radius of curvature of the bundle. The energy term, E cres , accounts for the compressive stresses generated by the crescentin bundle on one side of the cell wall, thereby leading to differential growth across the sidewall. The total internal energy is given by
where E cyto = E width + E cres . In the presence of crescentin, k c = 0, the internal energy has the scaling form E curv (R, r, θ) = θU c (r, R). The dynamics of the shape parameters R, r, and θ follow from eqn (1), characterized by the viscosity parameters η R , η r and η θ , respectively. The cell exhibits hoop-like growth [41] with R and r remaining constant and θ growing exponentially as
with a rate κ = −µ θ U c /rR, where µ θ = 1/(2πhη θ ) is the hoop growth mobility. The shape variables R and r attain constant steady-state values determined by the global minimum of U c (r, R) (Fig. 5B) . Our model predicts that the angular growth rate, κR, is a decreasing function of the curvature, 1/R (Fig. 5A, red curve) . This coupling between angular dynamics and curvature arises through the curvature dependence of the bending energy (E cres ) that increases with cell curvature. The growth rate is proportional to −E cres through the dependence of U c on R, and κ is consequently larger for straight cells (larger R).
We test this prediction of our model with our experimental shape data on single C. crescentus cells [13] . The scatter plot showing the dependence of angular growth speed on cell curvature demonstrates that angular growth is slower for curved cells (Fig. 5A ). The fitted model (red) is in excellent agreement with the binned data (black points) at the value of the fitting parameterk c = 1.75, which further constrains the physical values ofγ in the range 0.2-0.5, as discussed below (see Fig. 5D ).
In the absence of crescentin (k c = 0), the internal energy assumes the scaling form E curv (R, r, θ) = θRU (r), such that both R and θ grow exponentially as expected during self-similar growth. This leads to cell straightening (Fig. 5C ), as observed for cells lacking creS [40] . The cell curvature, C = 1/R, decays as dC/dt = −κ C, whereas the angle grows according to dθ/dt = κ θ, with κ /κ = η θ /η R . The cell length (L = Rθ) consequently grows exponentially with a rate κ + κ . The ratio κ /(κ + κ ), which quantifies the propensity of cell straightening, has been experimentally determined to be 0.57 [42] . We thus estimate the ratio of viscosities characterizing the angular and curvature dynamics to be η θ /η R 1.3, implying that angular growth is slower than the decay of cell curvature. The steady-state behavior at different values ofγ and k c , which control cell size and shape respectively, is shown in Fig. 5D for fixed values of pressure and width. In particular, we find that the cell elongates exponentially while maintaining a constant curvature in the range 0.2 <γ < 0.5. At smaller values of surface tension,γ, the cell wall cannot support curvature-induced stresses and relaxes to a straight morphology. Forγ > 0.5, the cell maintains a stationary size and shape.
Cell wall constriction
We now study how cell wall growth couples with constriction in bacteria. The onset of cell wall constriction influences the overall shape dynamics of the cell. For simplicity, we first consider the case of a rod-like bacterium. Bacterial cell division is driven by a large complex of proteins, known as the divisome, that assembles the Z-ring near the mid-plane of the cell [43] . The Z-ring comprises FtsZ filaments that form a patchy band structure [44] . It is believed that these filaments generate constrictive and bending forces [20] . In addition the divisome triggers peptidoglycan synthesis and directs formation of the septum [45] . We assume that the shape of the constriction zone is defined by two intersecting and partially formed hemispheres with radii r, equal to the radii of the new poles (Fig. 6A) . The shape parameter defining the midcell radius, r min (t), equals r at the onset of constriction and reaches 0 at the completion of division. We assume that the Z-ring proteins exert a mechanical tension f on the cell wall and trigger septal growth by releasing an energy ε per unit surface area. The chemical potential ε is related to the activity of MreB and penicillinbinding proteins (PBPs) that synthesize peptidoglycan by localizing to the division site near the mid-plane of the cell [46, 47] . These active mechanisms contribute an energy E a = f (2πr min )−εS, where S is the septal surface area given by S = 4πr r 2 − r 2 min . With E cyto = E width , the energy of the constricting cell thus takes the scaling form E rod (r, L, r min ) = U (r)L + E (r min , r), where E defines the effective energy of constriction. Therefore, the steady-state values for r min are controlled by the tension f and the chemical potential ε.
To determine the minimum values of ε and f that are required to achieve full constriction, we first examine the dependence of E on r min at different values of the dimensionless chemical potentialε = ε/P R 0 while keeping f fixed (Fig. 6B) . Atε = 0 the energy is minimized for r min r, and no constriction occurs. Asε is increased, the local minimum of the energy at r min /r 1 shifts towards a more constricted state, but division is still unsuccessful. Forε ε c , the local minimum is lost in favor of a global minimum at r min = 0, corresponding to a fully constricted state.
This energy minimization approach reveals the fundamental mechanism behind constriction: cell shape maintenance enforces a competition between ε (and f ) that minimizes the mid-plane perimeter and the surface tension γ that resists the associated increase in surface area [48] . The steady-state ratio r min /r obtained by minimizing the energy functional, gives us an order parameter for cell division, such that division is unsuccessful for ε <ε c and successful forε >ε c (r min = 0). The bifurcation diagram in Fig. 6C shows the dependence of the order parameter r min /r as a function ofε. For smaller values ofε, r min /r decreases, whereas forε >ε c 0.2 (whenf = 0.2), there is a discontinuous transition to a fully constricted state. The prediction of a threshold force for completion of constriction could be tested experimentally by treating cells with controlled amounts of Divin, a small molecule inhibitor of bacterial divisome assembly that reduces peptidoglycan remodeling and prevents cytoplasmic compartmentalization [49] . Consistent with this suggestion, it was found experimentally that a threshold amount of Divin is required to inhibit bacterial cell division.
Having discussed the mechanisms for cell constriction, it is pertinent to consider the relative contributions of the mechanical tension f and the chemical potential ε in executing cell wall constriction. Fig. 6D shows the dependence of the critical force f c required for full constriction on the magnitude of the chemical potential ε. While a large mechanical force is required for low values of ε, we predict that forε 0.45 little (or no) mechanical force is required to complete division. Using P = 0.03 MPa [32] and R 0 = 0.4 µm, we predict a numerical value for the upper bound of the Z-ring mechanical force f ties of FtsZ filament bundles [50] . Previous models have also suggested that a force in the range 8-80 pN (0.0017-0.017 in our dimensionless units) is sufficient for pinchoff during division of rod-like bacteria [33, 38] . We thus claim that typical rod-like bacterial cells operate in the regimeε > 0.45 (ε >12 nN/µm) such that constriction is entirely driven by cell wall synthesis at the septum. The predicted minimum value for the chemical potential is roughly one-fourth of the surface tension measured for Gram-negative bacteria [32] .
CONCLUSIONS
How cells regulate their shapes and sizes through the processes of growth and division poses a fundamental question at the interface of physics and biology. To address this fundamental question, we have developed a broadly applicable model for the shape dynamics of growing cell walls that are driven by mechanical and active forces (eqn (1)). Our model takes advantage of recent technological advances in single cell imaging [4, 6, 13, 51] that have yielded unprecedented amounts of quantitative information about the shapes of single bacteria as they grow and divide. The active forces arise from proteins driving cell wall growth and constriction, whereas the mechanical forces arise from tensions in the peptidoglycan cell wall and associated cytoskeletal bundles. The equations for the shape dynamics in combination with the appropriate energy models (see Table I for a summary of the model parameters), describe a wide range of phenomena that occur in bacterial cells, including exponential growth, steady-state sizes, shape robustness and constriction. Using the energy model, we demonstrate how width and curvature control can be achieved in bacterial cells and discuss the mechanical instabilities that can lead to morphological transformations (Figs. 4 A,B  and 5C ). In Fig. 7 we show the shape stability diagram for our energy model as functions of the mechanical parameters controlling longitudinal and circumferential curvatures of the cell wall. Our model can reproduce different families of known bacterial shapes (cocci, bacilli, vibrio) by varying the mechanical rigidities controlling the curvatures of the cell wall.
In this paper we obtained the following key conclusions:
• Exponential growth in cell size requires a constant amount of energy dissipation per unit volume.
• Cell shape, as opposed to simply size, controls the rate of exponential growth in cell size.
• Cell division can be explained as a discontinuous (first-order) shape transformation controlled by the interplay between cell wall surface tension and the chemical potential required for the addition of new cell wall material.
• Cell growth and constriction are both driven by the addition of new cell wall material, and thus their kinetics are same. This insight provides a physical explanation for the recent experimental observation that a single time scale governs growth and division [6] .
The microscopic formulation of the equations of motion makes it convenient for their adoption in computational modeling of cell wall growth and morphology. It is, however, important to recognize that the underlying structure of the bacterial cell wall is highly dynamic, and cellular mechanical properties may fluctuate due to molecular scale defects and stochastic forces. Our model is thus valid on timescales comparable to measurable cell wall growth (∼minutes) that are much larger than the timescales of molecular processes (∼seconds) involving peptidoglycan bond rupture and subsequent insertions of new cell wall material. In future work we aim to incorporate the effects of stochasticity and spatiotemporal variations in cellular material parameters to better understand the statistical mechanics of shape fluctuations in living cells.
